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Instructions: The exam is closed book and closed notes. You may use an approved

calculator, but be sure to clearly show your work on each problem for full credit. Work CQ _tj
that is crossed out or erased will not be graded. If you need scratch paper ask for some from - (\QQ’V
the proctor. Turn in any scratch paper that you use during the exam. You will have one

hour and 50 minutes to work on the exam. - l
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Total 100

CONFIDENTIALITY PLEDGE

I agree that I will not share any information, either specific or general, about the problems
on this examination with any other person until the exams have been returned to us in class.

(Signature)



1. (12 points) Compute the derivatives of the following functions. You do NOT need to simplify
your answer. Use parentheses to indicate multiplication where appropriate, and make
sure that your notation is correct.

(a) f(z)= \/5—’%63””2
0= x"re

P00 = I+ () ox)

342 cham rule  on second pay+

(b) f(t) = In(sin(t))

Py _L . o3 chain vule
sin(t)
u v
(c) p(z) = (e* + 1)(2? — 2z + 1)
P00 = Udy +vdu product rule

’ P00 = (ex4) (zx -2) ¢ (%22 (ex)

(d) r(t) = cos (c(+ — 3c)), where c is a constant.

" Chathyule
() = 03(%-3¢)
0 =(sin(% -3¢ (5)
y
hint @ rewrik as ¢t
b dernvative of ¢t™ = —jct 2 *Ecz_



2. (9 points) Consider the discrete time dynamical system x4 = 2x+(1 — ;).
(a) (3 points) Find the equilibrium for the DTDS.

|2 approaches - pornar Nodid |
O % = 28 (1=%) = dwice both Sides by @ X7 - 2x* (1-%%)
X* - naed fo checle X = 25~ 28°°
¥ =0 1§ equiliprivm O=%x- ZX*L
0= 2(0)(1-0) » 0=0¥> |x* =0 0 = ¥*(1-2x")
- Spii Y
C =2 (=%F)  1=20-%*) / ™
E I A B 3 |-2X" =0
—= -72x* | = 2x¥

(% -%']

(b) (3 points) Is the non-zero equilibrium stable or unstable? Justify your answer
using the Stability Theorem.

Stable 1F 1€ ()1 )
2 (he) = 20 (1-%e)
£ ) = 2% - 2%
© 'E’.,(Xﬂ = 72 -YXe
£ (W) - 2-4() =12-2 =0-£(%)

> Jole) 'SOW

(c) (3 points) Check your answer using a graph and cobwebbing. Label your axes.

*H‘Statrt at initial condition zo = 0.3. equi liprium

%ood ChQCL for par £ A = both lings Cres§
ar 0 and 0.5, So we know that
e equihibyio we feund ort Correct

0.5

Qood chetk For part bt tie tobweh ayproathe§

Hae equiliprium Cpoint whaere lingy
Cross) at 0.5, 5o that adso indicatey
that ¥ne equitiprium i Stabje.
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3. (10 points) Consider the logistic growth model.

Ty
Tip1 = —
r+ z?

(a) Assume parameter r is greater than 0. What condition on r guarantees that the
equilibrium z* = 0 is stable? Justify your answer with the Stability Theorem.
Use correct notation in your work.

- Suppese H discresel time - dinamical & ystem
o Xg+| = '(XH~=""§"§"{ ‘hw, an equilibnw Ot
vl = r+ Xt x* Z
| et -f'(,)(t) he the cerivedvt  of «(fm,) wirh respesth X
LT XE ) = Xe(2X0) [+ X -2Xt

(Xe) = _
T v Cr+x®2 ~ (rx)*
(- X¢*
(T+%)”

A‘Q we kﬂﬂW; "H\L U;L\')HMW x?‘ (3 S“’al/\—f. F l'("()(%::b), <,

2
(b) Find the positive, non-zero equilibrium in terms of patameter r. 9 - )
*

X%: : 2 (r=+o)*
+(x") S l’% [4)
* 2 x * ’E :
> M+(x ))X=X 3!""‘\‘-[
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4. (9 points)

A ball is thrown vertically upward from the roof of a 3 foot building with a velocity of
2 feet per second. The ball’s height above the ground after ¢ seconds is given by the
function

s(t) = 34 2t — 16t2

(a) What is the maximum height the ball reaches? Find and justify your answer using
properties of the derivative of the function. Check your answer with a graphing

calculator. § WQ shov\\d\ Q»\QQK

St = 37 21 16t Prok ok =i Sec

VQ\ocH’b‘. Q') 2 226 Yo b has ve?kchgc}\k
Set  S'v)y =0 = Z-32t=0 O o mum ith greg

S(t)

- o’ l
= 4 A ﬁ-&
| !
SUEY= 3+ 24 -5 - 24 5 - % /527

(b) For what values of ¢ is the height of the ball increasing? Justify your answer with
the derivative.

When  the hcj‘jkr is ir\c.r‘em?:j , which means +u deratie
s Pos%ﬁvc ' So S'tt) o

= 2-%2(t) 70 = ‘té%é 7/1’\6 %a“ 1 S
»V\(\mwv\a]kf:@) . Se  we  have °<‘t‘“<7!5

(c) What is the velotity of the ball when it hits the ground? The ground has height
zero.

Stt)= 3«2t ~(ht” = o

[ | | 2t Pz)ttﬂ/z,)-;é;
] St stz o o AP

[ —

216
o 2ZLAt. | 2hiial 2ty
22 T % T Tz
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. Value .
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when 4= 3 ’
S'(1)= 2- 325 = 2-1b =-14



5. (9 points) Suppose the function M (t) gives the mass of an alien (in grams) and the
function V(t) gives the volume of an alien in cubic centimeters. Assume t > 0.
Let M(t) = .02¢! and V(t) = 1 + 2.

(a) Density is computed by comparing the mass of an object to its volume.

Mass
Volume

Density =

If the mass of an alien increases while the volume of the alien stays constant what
happens to the density of the alien?

The densig INcrease

(b) Write a formula giving the density (D(t)) of the alien at time ¢ with mass M(t)
and volume V(¢).

Dt = MH) L vozet

(c) Find the positive value of ¢ where the rate of change of the alien’s density is zero.
This value of ¢ is also called a critical point. \

O
ot 16

st 7 Dy = DUt - et GEOIEE,
Cree*)=

podel +p.o2et t>— o.02e" . (20)

N = D loze

0
> 0.02e C 4+ o020l 7= pozelcat)=0 PU)“M(z
> pwe2eT( [+t - 2¢) =0 -;-,%E'é
> | vo2et=o Sine we know €5 ko). . oo

]) 5 = Qo we can Solve
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6. (9 points) Consider the discrete-time dynamical system
To1 = 3(1 = T)T, - hT;

describing a population of fish being harvested at rate h, where 0 < h <1
(a) Find the nonzero equilibrium population 7* as a function of A.
-7 = Chmse  botth 7o *
To) =l =7 A %
37 =2 (T*)-
— ¥ Vi R
7Y (2-h) —3(/) o)

E%UAJIL{"M wb&’
¥ - &

S3(-7)T ~h7

.7”‘
=l )T T
—3 29\ _
7": s —rf /T (6 T =
A s tecon d=h=37" =0
gives T*=0 =377 = -arh
' 7 2_21)
3 3..

(b) The equilibrium harvest is given by P(h) = hT*, where T* is the equilibrium
you found in part (a). Find the value of h that maximizes P(h) on the interval

0 < h < 1. Use any method to justify answer(including calculator).

Pn-hl™ =7 Pa) = h(5-#
PBh) = £h -5
Maxcrmm y Shy oSt Ead oty ol US/7s fa}/ 7hen f[/;)
(aocqy///‘///n/}; of May
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following limits. Show all of 0 T If you use leading
our steps. If you use L’Hopital’s
use it.

7. (6 points) Evalud
behavior, justify your answer
Rule, justify why it can be applie

z—oo (.05e%




8. (5 points) The following graph shows a function f(z) and its first and second

derivatives. Clearly label f(z), f'(z) and f"(z) on the graph.

Tofwopen 1017
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9. (6 points) Label the given descriptions with the letter of the matching graph. Every
graph shows a function f(x).

i) f'(z) = 0 for two values of z. f(z) changes concavity three times.

it) f'(z) is always greater than or equal to 0 and f”(x) = 0 at one point. __/_A_\___

alwagys has
positve sloge,
D.
0 pint where // >
§'0=0
— C@(/\C&\/; ““j
B. E. _— cb\ocujej
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For problems 10-13 you can earn 1 point partial credit per problem for correctly labeling
vertical axis as either f(x) or f'(z).

10. (5 points) The following graph shows the rate of change f'(z) of a population of fish
as a function of time on the closed interval [0, 6.3]. What is the largest interval where
the population of fish is decreasing?

£

a)32<z<4.6
b) 1.6 <z < 4.6

)06 <z < 2.6 The popelation is decreasing
g Siles prec tsely when te rafe of
Change (s negatiVe
(when the q- values of the
rote ol change greph ore
belw fhe hovizontal axds )
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11. The graph of the derivative of the function f is shown below. Where does f(z) have
a relative maximum? (Label axes).

16'(x)- sloge of £ (x) ) has POJ“QWJ‘{“}
YQ)\O\%UQ "N AX w\’\Qn
£'(x)=0.
hen slepe of
t X £\ Q\f\amjﬂb» Hrom
| Posi’ﬁ\f{ o Y\eaak;\&
: | | hare s a0 MAX.

<

A)z=1and x =27
B)x=3

Clzx=2
‘D)iz:Oandx:
E)e=1

12. (5 points) The graph of y = f(z) is given below. (Label axes).

2

0.5 0 oS 1 X
0.5

The value of the derivative of f(x) at x = .5 is: /|/\v\Q_ S \0\?{ Oqﬁ -’}/M
A) Positive /\—RY\ \ ‘ ASS ajk X = g 5

B)\ Negative
Undefined
D) Zero
E) Not enough information.
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13. (5 points) The graph of a function f is shown in the figure below. The function f has a
first and a second derivative for all values of . Which of the following is true? (Label

wxes). p() £(1) = )’\Q\‘jl/dto{: f(x) 2t
05 . e X=1
| ‘€\<\\ = Slogﬁ of ‘F[K\ C(i
= |

P(H=0
DI (i e
&;:/((11))? §<(11))<< ]}8 “ O is \Y\&S cause
E) f/(1) < £/(1) < £(1) < f<p £0) i Concaye down.

ney < O< pas
14. (5 points) Estimate the slope of the function at the point shown. See below. The z

and y axes are scaled identically.
man
By preau o e

Y
A% xiees does AX
LF 1o Aé

.Ba/The slope is approximately %

s 20
C) The slope is approximately —20 Y™\ OWMA _Aﬁ_ =~.20 "\'\MS meovia— Aa'
DX v aw Lol

‘D) SI he slope is approximately —“34 ad- A 7< .

E) The slope is approximately :4—1
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Bonus-3 points

On an alien planet they use mumps and togs to measure length.
The length of one mump is % times as large as the length of one tog.

1. On the grid paper draw a ruler that has both mumps and togs. The ruler should

\ e show that a mump is % times as large as a tog. The ruler should be at least 1 mump
W long.(There \is moye tlj‘%%f)ne acceptabh\e Xvey to draw this ruler).
. eA. ovTa& k : z ;
S O 5 —A - !
\ | 3 !
sk e
O T - |
) { ;
} ‘ : ‘ — -
[ st amum | ‘
/7 @ i P i i |

2. Peanut the cat has a length of 33.4 mumps. What is his length in togs?

NOWPAS aR | uvu

| of measure
a) S togs AS Seen on ) SO Mmar ’\“3‘3/5 it

b) <33(;§<3)togs \ V\jﬂ) Rea V\udc .

3. Garbanzo the cat is measured from nose to tail in both mumps and togs. Garbanzo
is () mumps long and R togs long. Is the measure of Garbanzo’s length in mumps (Q)
larger or smaller than the measure of his length in togs (R)?

a) His measure in mumps is larger than his measure in togs.

is measure in togs is larger than his measure in mumps.
Nehe ’Hﬂa}( A >/ow\ WeaSuree

Csocbanze  with “ruler e will
\ave o Jxv% fhak Bt inko
\\is \er@%.
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